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Abstract 



We construct supergravity solutions dual to microstates of the D1-D3-D5 system 
with nonzero B field moduli. Just like the D1-D5 solutions in hep-th/0109154 these 



solutions are generically nonsingular everywhere, with the 'throat' closing smoothly 
near r=0. We write expressions relating the asymptotic supergravity fields to the 
integral brane charges. We study the infall of a Dl brane down the throat of 
the geometries. This test brane 'bounces' off the smooth end for generic initial 
conditions. The details of the bounce depend on both the choice of D1-D3-D5 
microstate and the direction of approach of the infalling Dl brane. In the dual 
field theory description we see that the tachyon mode starts to condense, but the 
tachyon bounces back up the potential hill without reaching the deepest point of 
the potential. 
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1 Introduction 



1.1 Motivation 

The idea of AdS/CFT duality [I suggests that we make a radical change in our notion 
of matter and spacetime. Consider a collection of branes placed in asymptotically flat 
space. The spacetime near the branes will be deformed; let us choose the branes such 
that the metric is AdS m x S n in the near horizon limit. In Einstein's picture of gravity we 
have matter (the branes) near r = 0, and a consequent metrical deformation near r = 0. 
But the AdS/CFT correspondence says that the branes are dual to the near horizon 
geometry. This suggests that if we talk about the branes as well as the near horizon AdS 
geometry then we are 'double-counting'. In particular if we follow the curved metric 
down to the vicinity of r = then we should not find the branes there. Is this conclusion 
correct, and can we explicitly observe this absence of branes in the full string theory 
solution? 

This question was addressed in [2j where we considered the D1-D5 system [31 Ej. 
Consider type IIB string theory in flat space, and compactify 5 spatial directions on 
T 4 x S . We wrap n% Dl branes on the S 1 and ns D5 branes on T 4 x S 1 . The near 
horizon geometry is Ad S% x S 3 x T 4 . 

The D1-D5 brane system is in the Ramond (R) sector, and it has ~ e 2v/ ^ 7r V n i n 5 degen- 
erate ground states. It was found that these different 'matter ground states' corresponded 
to different dual geometries - each geometry was flat at infinity and had a throat that 
was locally approximately AdSz x S 3 x T 4 , but the throat ended in a shape that was 
different for different microstates. Further, in the CFT we can compute a time period 
Ate ft for a pair of excitations on the CFT state to travel once around the 'effective 
string' describing the D1-D5 bound state. This time was found to exactly equal the time 
AtsuGRA taken for a supergravity quantum to travel down the throat and reflect back 
up from the end. It was crucial that the quantum in the latter computation did not 
encounter any 'matter' at the end of the throat where it could be trapped for a further 
length of time. Thus all the properties of the 'matter state' were encoded in the depth 
and shape of the 'throat' in the geometry dual to the state. 

Different geometries in the above system were characterized by different shapes of a 
'singular curve' at the end of the throat. One might think that this singular curve was 
somehow the location of the D1-D5 branes that made up the geometry, but it was shown 
[2] that the singularity here was 'mild' in the sense that all incoming waves reflected off 
the singularity instead of entering it and getting 'trapped'. It was observed in [3] that this 
'mild singularity' was in fact just a coordinate singularity in the generic solution, similar 
to the singularity at the core of a Kaluza-Klein monopole jB]. Thus the geometries dual to 
the different D1-D5 states are in fact generically completely nonsingular, and singularities 
that arise in degenerate cases are just those that occur when two Kaluza-Klein monopoles 
approach each other. This makes the generic case similar to a special system studied in 
|Hj where it was found that the maximally rotating D1-D5 system was described by 
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a nonsingular geometry. We rename the 'singular curve' of [2] the 'central curve' of the 
geometry, since points on this curve are the centers of Kaluza-Klein monopoles which 
expand out in the directions transverse to the curve. 

The above results have yielded significant progress in our understanding of how the 
AdS/CFT correspondence works. We would now like to further explore the nature of this 
correspondence, by investigating other phenomena in the field theory and observing their 
dual behavior in the string solution. The D1-D5 system has a finite dimensional moduli 
space. The gravity solutions constructed in |5j were obtained for a special subspace of 
this moduli space, where all gauge potentials on the T 4 were set to zero. For this special 
subspace we have the property that the D1-D5 system is 'threshold bound'; thus we can 
separate away some Dl and D5 branes away from the D1-D5 bound state at no cost in 
energy. 

At generic points in moduli space, however, there is a binding energy that prevents 
such a separation. If we start with a set of branes that are not bound to the remainder, 
then we expect to get a tachyonic open string mode on the system, and condensation 
of this tachyon would lower the energy and yield the actual bound state. To study the 
gravity dual of this phenomenon, we need to construct supergravity solutions describing 
the D1-D5 bound state at values of the moduli where the binding energy is nonzero. We 
construct a class of such solutions in this paper, and then use then to study the evolution 
of the tachyon in the dual field theory. 

1.2 The solutions 

We construct geometries with the following properties: 

(a) Spacetime is compactified on T 4 x S* 1 . Let the T 4 be rectangular, and parametrized 
by coordinates Zi, z 2 , £3, 24. 

(b) We have n\ Dl branes wrapped on S l , n 5 D5 branes wrapped on T 4 x S 1 . 

(c) We have n 12 D3 branes wrapped on S 1 and the directions zi,z 2 of T 4 , and n 34 
D3 branes wrapped on S 1 and the directions Z3, Z4 of T 4 . 

(d) We have a nonzero value at infinity for 6 12 = B Z1Z2 , 6 34 = B Z3yZ4 , where B^ v is 
the NS-NS 2-form gauge field. 

(e) The generic geometry of the family is smooth everywhere, including the interior 
near r = 0. 

Solutions of having the properties (a)-(d) were constructed in EH IH]. But the 
harmonic functions involved in the solutions had 1/r 2 singularities. We follow the proce- 
dure of [T^nTl] to construct geometries with the additional property (e), and this is done 
by starting with the solutions of |2] which, as mentioned above, are generically smooth 
in the interior. It was argued in [2] that true bound states of the D1-D5 system have 
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throats that end due to the nonzero size of the D1-D5 bound state, and the naive solution 
written using harmonic functions with \ singularity did not represent any configuration 
of the actual D1-D5 system. 

After finding these solutions, we compute their mass and charges from their asymp- 
totic behavior. We derive general expressions to count the numbers of different kinds 
of branes from the asymptotic values of the gravity fields. We thus find the mass 
M sugra (ni, n 5 , rii2, TI34, 612, 634) of the supergravity solution as a function of the numbers 
of branes present in the bound state. 

We next look at the field theory description of the bound state of branes for the 
same brane charges and moduli, and write down the mass Mcft(^i, n 5 , ni 2 , n 34 , &i 2 , 634) 
expected for the bound state if we assume that the state is BPS. We then perform a 
computation along the lines of [T3j to show that there is indeed a supersymmetric bound 
state with these charges, at least at the level of the classical brane action. We find 
M C ft = M sugra , as expected. 

1.3 Tachyon condensation and bounce 

We next turn to the computation that we wish to pursue- the infall of a Dl brane towards 
the D1-D3-D5 bound state. When there were no D3 branes and B was zero then the Dl 
brane felt no force of attraction towards the D1-D5 bound state, since the D1-D5 system 
was threshold bound. With B / we will find an attractive force on the Dl brane, 
and this 'test brane' starts to fall down the throat of the supergravity solution. In the 
dual 'brane' description we expect that this infall is described by a process of tachyon 
condensation [14*] 1 . 

A similar computation (for small values of B) was performed in [TT] . but there the 
throat was an infinite one, and the Dl brane proceeded down this throat without return- 
ing. But we have argued that the correct duals of D1-D3-D5 bound states have throats 
that are closed at the end, and this leads us to the phenomenon that we wish to study. 
What happens to the infalling Dl brane when it reaches the end of the throat? 

We find that generically the Dl brane 'bounces off' the end of the throat. The details 
of the bounce and subsequent evolution depend on the choice of D1-D3-D5 bound state 
(which determined the shape of the end of the throat) as well as the direction of infall 
of the Dl brane. For a special class of initial conditions the Dl brane settles down, as 
t — > 00, to a point on the 'central curve' of the geometry mentioned above, and becomes 
in the process an 'ordinary graviton' (as opposed to a giant graviton) traveling at the 
speed of light. 

1 For earlier work on tachyon condensation see for example |15) . 
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2 Constructing the supergravity solutions 



We start with the D1-D5 solutions constructed in Let us briefly recall how these 
solutions were found. We can map the D1-D5 system, by a sequence of S,T dualities, to 
the FP system, where we have a fundamental string (F) wrapped n 5 times on the S 1 and 
ni units of momentum charge (P) also along the S 1 . The bound state of these charges 
has the F string in the form of a single multiply wound string, and all the momentum P 
is carried by traveling waves on the string. The supergravity solution for such a multiply 
wound string can be constructed [IB], 0, by superposing the harmonic functions arising 
from different strands ^7J ^] . In carrying the P charge the F string is forced to bend 
in the transverse directions, and the bound state thus acquired a nonzero size. The fact 
that many profiles of the F string carry the same P leads (after quantization) to the large 
degeneracy ~ e 2 ^ 71 "^™ 1 ™ 5 of ground states. The classical solutions for the FP bound states 
are parametrized by the transverse displacement profile F(v) of the F string. Undoing the 
S,T dualities we obtain the D1-D5 geometries, still parametrized by this profile function: 
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where H x , K and are given in terms of the string profile: 



H- 1 = 1 + 



Q- 



dv 



K 



Q 5 f L \F\ 2 dv 



A, 



L Jo |x-F| 2 ' L Jo |x-F| 2 ' 

and the forms B and C are defined by 

dC = -* 4 dH- 1 , dB = -* 4 dA 



' L jo 



Fjdv 



(2.1) 
(2.2) 

(2.3) 

(2.4) 
(2.5) 



Here the dual * 4 is taken in the 4-dimensional Euclidean space xi, x 2 , 2^3, ^4 equipped 
with the flat metric dxidxi. 

Now we wish to find solutions where the NS-NS two-form field has nonvanishing 
components B ZlZ2 , B z:iZi at infinity. We can add in the above solution ()2.3j) constant 
values for these gauge fields 



B 



Z1Z2 



>12, 



B 



->3-l 



(2.6) 



This makes B 7^ at infinity, but also adds D3 branes to the system in such a way that 
the overall mass is unchanged. To obtain another independent combination of B and 
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D3 charge we follow the procedure of ^21 EI] 2 : We do a T-duality along z±, perform a 
rotation in the z\ — z 2 plane, and then T-dualize again in z[ - this gives nonvanishing 
D3 charge and a non-constant B ZlZ2 (which vanishes at infinity). A similar procedure 
is performed using the coordinates z$, z±. The steps of this calculation are given in 
Appendix A, and we summarize the result here: 



H 



—(dt - Aidx 1 ) 2 + (dy + Bidx 
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r»( 2 ) - 
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- 
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rr(6) _ 

L 'r/1234 — 



'H{1 + K) [h^{dz 2 x + dz\) + h 2 x {dz\ + dz\) 



H 



■dxdx 



hih< 



■H(l + K), B ZlZ2 = sin6 \ COs6l (l-(l + K)H) + b 12 , 

hi 

sin 6 2 cos9 2 , 

1 2 - 1 - 1 + K if + 6 34 , 
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(2.7) 
(2.8) 

(2.9) 
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(2.10) 



KH 



cos # 2 sin , 



- cos 6»x sin 6» 2 , c£} 2 = 
: — cos &i sin 6*2 , C>i2 = : — cos 62 sin 0i, 

/j • /) ^(4) HBi . 

cos V\ sm u 2 , C i412 = ; — cos ^2 sin &i , 

/l2 "" All 

h 2 cos 01 3111 02 [ Cij + TTk ) ' 

H(l + K) . / 

— j— cos ^2 sm ^ (a, + 1 + ^ J , 

H 2 K(1 + K)sin6 1 sin9 2 (6 ) # 2 (1 + K)Ai sin X sinfl 2 

H 2 (l + K)B { sin 9i sin 6 2 
h x h 2 

H 2 {l + K) 2 sin 9 X sin fl 2 ( r A % B d - 

Th 2 \ ij + TTk . 



where 



^ = cos 2 ^, + sin 2 ^(l + K)H, i = 1,2 



and 612, &34 are the values of B at r — > 00. 

2 For earlier applications of the similar methods to constructing 



(2.11) 

supergravity solutions see |19j . 



6 



3 Mass and charges of the solution 



In this section we study the asymptotic behavior of the solutions ()2.7j) and derive their 
mass and their charges. The charges are to be expressed as integers that give the num- 
bers of Dl, D3 and D5 branes in the configuration. The extraction of these integers is 
complicated by the fact that the field B is nonzero at infinity; a p + 2-form field strength 
contributes not only to the count of p-branes but also to branes of other dimensionalities 
when B ^ 0. Thus we begin with a derivation of the relevant field-charge relations for 
the theory, and then compute the charges for our solution. 



3.1 Field equations 



Let us begin with the action for type IIB supergravity in the absence of sources. We use 
the notation of |2( 



2$ 



1 



R + 4(V0) 2 - — (# {3) 



12 



_ I *i?(3) A F (3) _ I * dC (0) A dC (0) _ I * ^(5) A ^(5) \ 



+ 



2 

2(2tt 



1 f f C M + l -B^ A C^) A G® A H^. 



(3.1) 



Here 



G^ = dC^, F®=dC®+C<®H®, F®=dCM + H®AC® (3.2) 

In this convention the four form is invariant under the gauge transformation of 
B( 2 \ while under the gauge transformation of the two form 8C^ it transforms as 

5C (4) = _ B {2) A 5C (2) (3 _ 3) 

For our solutions = 0, and we assume the vanishing of in the equations below. 
We find the equations of motion following from the action (J3.1|) by taking the variations 
with respect to and C^: 



cfF (5) + # (3) A F (3) = 
d*F® - #(3) a F (5) = 

These equations should be supplemented by the Bianchi identity: 

dF i3) = 



(3.4) 
(3.5) 

(3.6) 

and the self duality condition F (5) =* F (5 \ 

In the presence of sources we get a Chern-Simons coupling between the RR gauge 
fields and the currents describing D-branes. 
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cs 
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7 / exp(5 + 2na'F) A ]T C {p) A 

p=2 



*j(2) + 



1 



(27r) 2 a' 



1 



(2vr) 4 a 



;(6) 
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In this normalization when F = the number of branes is given by integrating the 
corresponding current over an appropriate cycle: 



n k 



*•(*+!) 



(3.7) 



(The nk are integers in the full quantum theory, while the value of B is a continuous 
variable [21] .) The equations of motion are modified to 



1 



1 " 
4n 2 ga' 2 
1 

4n 2 ga' 3 



_ dF (S) = * 



d*F® + A F®] = (2tt) 2 + —(B + 2na'F) A* j® (3.8 
J a' 

d * F W _ #(3) A F (5)l = (2?r) 4 * j{ 2) + M! (jB + 2WF) A* J'W 



+^(5 + 2 TO 'F) 2 A*j( 6 ) 

Assuming that there are no sources for the NS two form field (i.e. dH^ = 0), we 
rewrite ()3.8)1 in a form which is more convenient for the charge computation in super- 
gravity: 



1 



4iT 2 a'g 
1 

(A7T 2 a') 2 g 
1 

(4n 2 a') 3 g 



dF (3) = * ^6) 



* F (5) + B {2) A F (3) 



Z7T 



(3.9) 



* p(3) _ B {2) A p(5) _ i B (2) A B {2) a ^(3) 

2 



J (2) + f A*/ 4 ' 



1 / F 



A* j {6) 



2 V2tt, 

In deriving the last equation we have used the relation 

tf(3) AF (5) = d ( jB (2) AjP (5))_ jB (2) A ( dF (S) +H W AF®) 

+ ^(5^ A fl< 2 > A F< 3 >) - ifl< 2 > A B&> A dF® 
as well first two equations in ()3.8j) . 



(3.10) 



3.2 Obtaining charges from the field strengths 

From ()3.9|) we read off the integer charges in terms of the field strengths 
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4n 2 a'g Js 3 



F (3) 



(3.11) 
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/ (F(5) + B P) AF (3)) 
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iS 3 xT, xTo 



(3.12) 
(3.13) 
(3.14) 



Here Tj, i = 1,2,3,4 are the four different cycles of T 4 , and n\ 2 for example gives the D3 
branes wrapped on the cycles Ti,T 2 . 
Define 
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where Lj is the length of the i-th direction on the torus. We also define 
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3.3 Asymptotic behavior of the solution 

As r — > 00 the solution ()2.7j) has the following behavior for the fields 



ds 2 

„2<S> 



—dt 2 + dy 2 + dxdx + cfe 2 + cb^ + dz\ + cte^ 
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(2) 
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(3.15) 
(3.16) 
(3.17) 

(3.18) 



(3.19) 



(3.20) 



(3.21) 
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C\f = cos 0i cos (3.22) 

c itu = - % cos 0i sin 2 , C£j 2 = - % cos 2 sin 0! , 

C^34 = --4j cos 0i sin 2 , C\f 12 = -A { cos 2 sin 1; 
Cit34 — —-Bj cos 0i sin 2 , = — Bi cos0 2 sin 0i, 

C^ 4 3 4 = cos 0i sin 2 Cij , = cos 2 sin Q x Cij , 

CSl234 = - ~4 Sil1 ^ Sil1 ^2 , CSl234 = ~ A sin #1 sin °2 , 

C iti2u = ~Bi sin #1 sin #2 , £^1234 = sin X sin 2 Cy 

Recall that the field strengths at infinity are to be constructed from the potentials in 
such a way that each field strength contains the information of both the relevant electric 
charges as well as their magnetic duals. In computing the duals of forms we use the 
convention 

%ijfcU234 = Cijkl (3.23) 

where i,j,k,l are the four noncompact directions Xj and 1,2,3,4 are directions on the 
T 4 . For the Dl and D5 charges we need to compute F^; since we are working at infinity 
we can drop nonlinear terms and we get 

= dC {2) -* dC i6) (3.24) 

(The relative sign of the two terms on the RHS is determined by performing two T- 
dualities of the 5- form field strength, which is assumed to satisfy = *F^ 5 \) 
At leading order we find 

F (3) = -Qi cos 0i cos M Adt A dy + cos 9 1 cos 9 2 dC 

(3.25) 



+ 

Note that at r — > oo 



-Qi sin 0i sin 9 2 d ( ) A dt A dy A dV + sin 9 X sin 9 2 dC A dV 



*dC = -Q 5 d [\] A dt A dy A dV (3.26) 



where dV = dz\ A dz 2 A dz 3 A dz A . We choose the orientation of the S 3 at infinity to be 
given by the choice of sign in the following relation 



Is 



dC = -4tt 2 Q 5 (3.27) 

s 3 



Then we arrive at the result 



F (3) = -(Q 1 cos9 1 cos9 2 + Q 5 sm9 1 sm9 2 )d(J^j Adt Ady 

+ ■^-(Q5Cos9 1 cos9 2 + Q 1 sin9 1 sin9 2 )dC, (3.28) 
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cos 6*i cos 2 + Q5 sin 9\ sin 6 2 )dC A dV 



+ {Q b cos6 1 cos9 2 + Qis\n0 1 s\n6 2 )d(^ s j AdtAdyAdV (3.29) 
Substituting this in the expressions for the charges we find: 

k 5 = (Q 5 cos #i cos #2 + Qi sin9i sin0 2 ) (3.30) 

go! 

ki = , A o (<?i cos fli cos 2 + Q5 sin #i sin 2 ) (3.31) 
#(a) 3 

Let us now evaluate the numbers of the three branes. First we have to find the 
self-dual field strength. We define: 

= dC {4) +* dC {4) (3.32) 

At leading order we find: 

dC {4) = ~Qid(J^J (cos0isin0 2 dVk + cos0 2 sin0idVi2) AdtAdy 

+ dC (cos 9i sin 9 2 dV 34: + cos 9 2 sin 9idVi 2 ) (3.33) 

F (5) = dV r 34 ((3iCOS0ism02 - <3 5 cos 2 sin 0i ) Adt Ady 

—d dVi 2 (Q\ cos 2 sin 0i — Q 5 cos0i sin0 2 ) Adt Ady 
+ ^—dCdV 34 (Q 5 cos 0i sin 2 — Qi cos 9 2 sin X ) 

+ -^-rfCrf\/i 2 (Q 5 cos 2 sin 0i - Qi cos 0i sin 2 ) (3.34) 
Integrating these expressions we get 



fcl2 = 



— — - (Q5 cos 0i sin 9 2 -Qi cos 9 2 sin X ) 
g(a') 2 



V 12 

^34 = — -T7(Q5Cos0 2 sin0 1 - Qicos0isin0 2 ) (3.35) 

9(a) 2 

3.4 Mass in terms of charges 

From the asymptotic behavior of g tt we find the mass of the solution 

M = -£-(Qx + Q B ) = ^(Qi + Q 5 ) (3.36) 
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We wish to relate this mass to the number of branes. We observe that 

^12*42 - V u k u = sin (^i " WQl + Qe) (3-37) 

got' 

h + ^2 = J_( Ql + g 5 ) cos ( 6l _ e 2 ) (3.38) 



V ga' 



Thus 



M 2 



'mr 



2 



(k 5 + I/ + TF2 (^12^12 - ^34^34^ 
1/ K 



(3.39) 



We express the quantities k±, k$, k±2, k^ in terms of the numbers of different kinds of 
branes by the relations inverse to ()3.20|) : 

h = n 5 (3.40) 

&34 V34 , &12^12 /o 
«12 = "12 H r~ n 5> «34 = "34 H ;— ™5, (3.41) 

cr cr 

, , ^12^12 . &34V34 . &12&34V / , v 

«i = "H — n 12 H —^34 + , ^5 (3.42) 

a' a' (a')" 1 

4 Mass of the D-brane state 

We have constructed above the gravity dual of a D1-D3-D5 bound state with B 7^ 0. In 
this section we compute the mass expected of such a state starting from D-brane physics. 
If we perform a T-duality along the S l directions of T 4 x S 1 , then we get a DO — D2 — DA 
bound state; we study the latter since the supercharges are easier to write for the IIA 
theory which can in turn be written as a reduction of 11-dimensional M theory. 

Consider a D0-D2 system. If the DO brane is not bound to the D2 brane, the system is 
not supersymmetric; the supersymmetries preserved by the D2 brane and the DO brane 
are different. If however we allow the DO brane to 'dissolve' into the D2 brane, then 
the mass is lowered, and the bound state is a supersymmetric (1/2 BPS ) configuration. 
The geometries we have constructed are expected to be duals of the bound state of the 
D1-D3-D5 branes, so we are interested in the masses of such 'dissolved' configurations. 

If we know that the bound state is supersymmetric, then we can deduce the mass 
from the charges. Let the DO, D2, D4 charges be described by Z, Zij, Z^i- Then we 
write 122 123] 

r e = zr 0s + ^'r 0ij + ^ kl r oijkls = Me (4.i) 

Here the index s represents the compact 11— direction of M-theory, while the other indices 
take values along the compact torus. Requiring a solution e 7^ gives M. This compu- 
tation is standard, and for our case of interest we reproduce the details in Appendix O 
T-dualizing to the D1-D3-D5 system we get 

R 2 1 

M 2 = — -— ((hl 2 n 12 =F hknu + n 5 v (b 34 =F b 12 )) 2 + 
cr g z a v 
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(ni + v(b 12 b u ± l)n 5 + l\l 2 b\ 2 n 12 + hhh 4 n M f^j (4.2) 

where Zj = are dimensionless parameters expressing the lengths L$ of the rectangular 
torus T 4 , v = hhhh an d the various n's are the number of respective branes. In the 
above expression we choose the upper signs if kik 5 — ki 2 k 3i > and the lower signs if 
kik 5 — ki 2 k u < 0. We see that this expression for the mass agrees with (|3.39|) . (Note 
that V12 = ct'hh, V34 = ct'hh- Also note that in our supergravity computation we have 
chosen a definite sign for the charges at the outset; this choice corresponds to the upper 
signs in (|4.2|h ) 

As mentioned above, this would be the mass of the bound state if we knew that the 
state was supersymmetric. But the question of whether the bound state is supersym- 
metric or not is a dynamical question in the theory, and this dynamical information is 
not contained in the starting step (|4.1|) of the above computation. To determine whether 
the branes are actually expected to form a supersymmetric bound state we follow the 
approach used in • in this approach we start with a collection of D4 branes, represent 
the other (dissolved) branes in terms of field strengths F on the D4 branes, with the 
assumption that F can be taken as a diagonal U{n^ matrix. Within this class of F we 
check if there is a supersymmetric configuration; if there is, then at least in a classical 
approximation to brane physics we would establish that the bound state is supersym- 
metric. 

We take a rectangular torus as above and let b± 2 , 634 be nonzero. We have DO and D4 
branes as well as D2 branes along the 12 and 34 directions. Since all quantities depend 
only on B + 2na'F we can set B = and absorb its effect into F with no loss of generality 
(the discreteness of F is not visible in this classical analysis). We label the D4 branes by 
an index i, with i — 1 . . . n 4 . The D4 branes carry field strengths F® , F$ . Define the 
vectors 

V x ^{fS,...,f[^} (4.3) 
V 2 = {F^,...,Ft ] } (4.4) 
V = {!,...!}, V -V = n 4 (4.5) 



We have the constraints 



E^i ( 2 ) = ^i-K, = ( T ^)n 34 (4.6) 
Y j FS = V 2 -V Q = {^-)n l2 (4.7) 



3-^4 



\2 



E F$P£ = V l -V 2 = ( (2 f ) n (4.8) 

Lastly, we have the requirement that the different D4 branes be supersymmetric with 
respect to each other. We can use either the Yang-Mills action to describe the branes 
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or the (more exact) DBI action. In the Yang-Mills limit the supersymmetry condition is 

[21123 

F® ± FiP = F<$ ± F 3 ( 4 2) = . . . = Ft ] ± Ft ] (4.9) 
where the signs ± must be chosen to be all + or all — . With the DBI action we define 

/S»=tan-^, (4,0) 

and then the supersymmetry preservation condition is |^ 125] 

fS ± /£> = fi? ± /I? = • • • = ft ] ± ft ] (4-11) 
Consider the Yang-Mills approximation. The constraint ()4.9|) can be written as 

V x ±V 2 = c% (4.12) 

If we can solve (14.6)1 . (J4.7)) . ()4.8j) . ()4.12|) for real vectors Vi then we have a supersymmetric 
configuration, and ()4.2j) would give the mass of the bound state. 
The conditions (|4.fij) . (J4.7j) are immediately solved by writing 

V 1 = c 1 V + V' 1 x , c 1 = -(-^)n 34 (4.13) 

n 4 LxL 2 

y 2 = C2 V + ^, C2 = l(J^) ni2 (4.14) 

n 4 L 3 L 4 

where Vf 1 • V = • Vo = 0. The condition (l4~T2"J) gives V 1 = ^V^-, and then (OJ) gives 

| VfT = ± — _ ( r 27r r )2 r (n 12 n 34 - n n 4 ) (4.15) 

If (7112^34 — no/u) > we take the + sign in (|4.9jl . and then we can choose any Vf- with 
real entries and length given by 1)4.15)1 to get a supersymmetric configuration. If (n^n^ — 
^0^4) — then we can take the — sign and again get a supersymmetric configuration. 3 

If we work instead with the DBI action for the branes then the analysis is slightly 
more complicated due to the nonlinearity in F of the supersymmetry condition ()4.11j) . 
But we reach a similar conclusion, and the details are presented in Appendix ID1 



3 The above computations assume 714 > 1. We expect supersymmetric states also for U4 = 1, but the 
state is not described by a constant field F . For m > 1 we have in general many choices for the vector 
V^~, and these choices reflect the presence of a moduli space of supersymmetric configurations. Only 
a small subspace of this moduli space is captured by the constant configurations however; the generic 
configurations are described by deformations of instanton configurations. 
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Figure 1: Supergravity and field theory descriptions of the absorption of a massless 
quantum by the D1-D5 bound state. 

5 Tachyon condensation 

We now consider a Dl brane winding around the S l which we parametrized by the 
coordinate y. If we take a D1-D5 system with B = then there is no force between this 
'test brane' and the D1-D5 bound state, and the test brane can sit at any distance r 
from the bound state without feeling any force. If we let B ^ then the D1-D5 system 
is not threshold bound, and there is an attractive force on the test Dl brane. 4 

To outline the physics we expect let us first recall the results of where we let a mass- 
less quantum fall into the D1-D5 'throat'. In Fig.l we show the supergravity description 
where we have the metrics (|2.1jl . and drawn below that the dual brane description; the 
branes sit in flat spacetime. In Fig. 1(a) the quantum is outside the throat of the geome- 
try, and correspondingly outside the branes in the dual picture. In Fig. 1(b) the quantum 
enters the supergravity throat (with some probability P SU gra)- in the dual picture it 
gets absorbed by the brane and converted to a set of left and right moving vibrations; 
the probability for this absorption process Pqft is found to satisfy Pqft = P sug ra- In 
Fig. 1(c) we find that the supergravity quantum travels down the throat, and in the field 
theory the two excitations separate away from each other. In Fig. 1(d) the supergravity 

4 For a discussion of D-brane couplings when B ^ and their field theory duals see for example |2E|- 



15 



quantum reflects off the end and returns to the start of the throat in a time At sugra ; in 
the dual brane picture the left and right moving excitations travel around the branes and 
re-collide in a time Ate ft = At sugra . 

In Fig. 2 we picture the corresponding process when the infalling object is a Dl brane. 



• In Fig. 2(a) the Dl brane is far outside the throat, and in the dual picture it is 
well-separated from the D1-D5 bound state. In the gravity picture the potential energy 
can be found by the DBI action of the Dl brane. In the brane picture the potential 
between the Dl brane and the D1-D5 system can be found by a 1-loop computation in 
the open string channel [23 EE] which, at these long distances, gets contributions from 
only the lowest few modes in the closed string channel. 5 (These potentials are just the 
long distance supergravity attraction between the test brane and the bound state.) 

• In Fig. 2(b) the Dl brane is at the start of the supergravity throat; this is the 
'intermediate region' which connects flat space to the locally AdS^ x S 3 x T 4 geometry. 
The DBI action of the supergravity description yields a complicated potential function 
in this region. The force computation of [2Zj gets contributions from all string modes, 
and one must also include multiloop processes. The Dl brane in the 'brane description' 
is now at r rs 0. 

• In Fig. 2(c) we see that in the supergravity description the Dl brane continues 
deeper into the 'throat' of the geometry, where the potential energy of the Dl brane 
continues to decrease. In the dual description we expect that lowest open string mode - 
the tachyon - begins to condense, thus lowering the energy. 

• In Fig. 2(d) we see that the Dl brane reaches the end of the throat, and 'bounces 
back'. This is the new aspect of the problem and the one that we wish to study, and 
it arises from our starting observation [2] that the D1-D5 bound states are described by 
closed throats rather than an infinite throat singular at r = 0. The supergravity picture 
implies that in the dual brane description the tachyon, after going down the potential 
well to some depth, climbs back up the well (in some other direction of field space). We 
will find that the details of the 'bounce' (in the supergravity picture) depends on the 
choice of Ramond ground state of the D1-D5 system, as well as the direction of infall of 
the Dl brane toward the bound state. 

Before proceeding, we briefly compare our computation with [2H], ^T]. In [2H] Seiberg 
and Witten considered a Dl brane winding around the angular direction of AdS^, and 
computed the potential energy needed to expand this string to different radii r. In this 
case -8 = 0, but the potential is not flat. To see the relation with our computation, 
note that the computation of (2H| was in global AdS^, which is dual to the NS sector of 
the D1-D5 system. In our computation the Dl brane is studied in the Ramond sector. 
The two sectors are related in supergravity by a coordinate transformation, which is 

5 One end of the open strings is at the D1-D5 bound state, where the boundary conditions are 
complicated and depend on the choice of the Ramond ground state of the D1-D5 system. 
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Figure 2: Supergravity and field theory descriptions of the absorption of a Dl brane by 
the D1-D5 bound state (with nonzero B moduli). 

mentioned below in (J5.21j) . A Dl brane that is static in the R sector is rotating on the 
S 3 with unit velocity in the NS sector. Such a rotating Dl brane in AdS^ x S 3 is a 'giant 
graviton' [3U] which feels no potential against radial expansion. 6 

In the Ramond sector we can get an attractive potential if we let B ^ 0, and that 
is the case that we are studying. Such a case was also studied in [TT]. But in [TT] 
the supergravity geometry at small r was an infinite throat (the Poincare patch with 
identification y — > y + 2ttR), and the Dl brane fell in towards r = without returning. 

In our study we encounter a throat similar to the one in JJJ , but we also have an end 
to the throat. For a special case of the geometry (the maximally rotating configuration) 
the geometry at the end looks (after the spectral flow coordinate transformation) just like 
global AdS% times S 3 . The fact our Dl brane moves in the 6-dimensional space (instead 
of just in the AdS^) implies that for generic initial conditions the Dl brane does not 
self- intersect during the 'bounce'. 

5.1 The tachyon potential 

Let us assume that the profile function Fi(v) in (|2.4|) satisfies FjFj = constant. Further, 
let us take Qi = Q§. Then we see from (J2.4j) that 

H(l + K) = l (5.1) 
6 Giant gravitons in AdS^ x S 3 and their interpretation in the CFT were studied in |31|. 
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and the solution ()2.7|) simplifies to 

H [-{dt - Aidx 1 ) 2 + (dy + Bidx*) 2 

1, B ZlZo = 612, -B z ,z^ = £>34, 



ds 2 

2$ 



iJ 1 dxdx + dz dz 



e 

C (4) 



^1^2 "12; J - , Z 3 Z4 

COS 01 COS 2 M( 2 \ C< 6 > = sin 0i sin 2 M (2) A dV, 
M^ 2 ' A [cos 0i sin 2 G?£3 A dz^ + cos 62 sin 0icb:i A dz 2 ] 



where we introduced 



(5.2) 



(5.3) 



(5.4) 



H(dt - Aidx 1 ) A (dy + Sjdx 1 ) + Cijdx'dx 3 . 

(Note that we have shifted by a constant 2-form, which amounts to constant shifts 
in the RR gauge fields. The shift of must be accompanied by a shift (jH.Hjl in C^ A \ 
but for the present case B is a constant field, and the shift induced in is also by a 
constant form which gives no field strength.) With the restrictions we have chosen on 
the solution we have H = 0; though this will not be the case for more general solutions 
we do not expect any of the essential physics of the infall to be different. 

To find the potential felt by the Dl brane we must dualize C^' (using the relation 
(IH.24J) : this gives an extra contribution to 

C {2) = sin0! sin0 2 M (2) 



and the total RR 2-form becomes: 

(7(2) 



COS 



(0! - 2 )M< 2 ) 



(5.5) 



(5.6) 



We assume that the Dl-brane is in a wavefunction that is uniform on the T 4 , and 
the T 4 plays no further part in the analysis. The Dl brane wraps the direction y, and 
we consider only its center-of-mass motion - i.e., we set to zero all vibrations of the Dl 
brane. The action is 



S = -Tj J d 2 £e-*^-det(G ab + B ab )+ T\ j 
We choose the static gauge 



(5.7) 



r. 



y = Ra (5.8) 

where the dynamics is described by x % = x % {t). We denote the derivatives with respect 
to the worldvolume variables £0 = r an d £1 = cr by a dot and a prime respectively. 
Then the action (J5.7j) becomes: 



S = -TiR J drdaH^{\ - A t x 1 ) 2 - H~ 2 x 2 + T ± R J drdaH cos(0! - 2 



(5.9) 



From this action we construct a worldsheet Hamiltonian which gives the energy of the 
configuration 



E = 2-kTxRH 



1 - Ax 



i,i\2 



R -2 ± 2 



COS (0i — 2 



47rT lJ Rsin' 



0i — 2 



(5.10) 
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where we have added a constant so as to make the energy vanish when the Dl brane is 
at rest at spatial infinity. 

To find the effective potential felt by the Dl brane we set x = in (|5.10jl . getting 



Q Q 

V(x) = —AtcTiR(1 — H) sin 2 — (5.11) 

2 

Looking at the definition of H~ x in ([2.4)1 . we note that < H < 1 everywhere, and 
H = only for points xi that are on the curve x\ = Fi(v) for some v. As explained in 
the introduction, we term this curve the 'central curve' of the geometry. The minimum 
of the potential is reached at all points this central curve, and we find that the value of 
this minimum is universal, depending only on the charges and B field moduli but not on 
the profile Fi(v): 

V min = -47rT lJ Rsin 2 d -l—^l (5.12) 

We will see however that as far as the dynamics of the tachyon is concerned, a Dl brane 
falling in on a generic trajectory does not reach the minimum of the potential, but reflects 
back after reaching some other value of the potential. 

The fact that the minimum (|5.12j) does not depend on Fi(v) is expected from the fact 
that the binding energy of the Dl brane to the D1-D3-D5 bound state is given only in 
terms of the charges and moduli. The potential energy (|5.12|) is just the binding energy 
of the Dl brane in the D1-D3-D5 bound state. To see this we fix and denote the energy 
of the bound state as M(ra 1 , n 12 , n 34 , n 5 ). Then from ()3.39|) we find 

w/ \ 7i r / , dM dM 

M(ni + 1, rii2, n 3 4, n 5 ) - M(m, n 12 , n 3i , n 5 ) ~ — = ~rr 

ani ak\ 

( RV\ 2 1 / fei(a')^ K) 2 R m n^ 

(at the last step we also used (|3.36j) and (|3.38|) ). Then the binding energy is 

2R . 2 0i — &2 



5E = M(ni + 1, rii2, ™34, n 5 ) - M(m, n 12 , n 34 , n 5 ) - M(l, 0, 0, 0) = sin 

ga' _ 

which agrees exactly with (|5.12j) (the tension of the Dl brane is T x = l/(2iTa'g)). 

We see that the test Dl brane experiences no potential in the supergravity description 
if #i = 9 2 . From ()3.35|) we see that this is equivalent to |r| = |r|. In the 'brane' 
computation we find that the test Dl brane experiences no potential if b\ 2 + 27ra / F 12 = 
6 34 + 2na' F34. Using (|3.2(jp we see that the latter condition is the same as the condition 

fcl2 _ 

v 34 ~ v 12 - 

5.2 Motion of an infalling Dl brane 

To explicitly find the motion of the Dl brane we take a further subset of the above 
configurations - those where Fi(v) describes a circle in the xi space. These configurations 
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were studied in [7] [S] and were also used in [2] to study a massless quantum falling down 
the throat. These configurations have = constant, and here we further choose 

Qi — Qb = Q- The harmonic functions (|2.4|) are 



H 



-i 



Q Q Qa sin 2 9 

1 + T> A = T> ^ = J • 

Jo Jo Jo 



Qa cos 2 9 
fo~' 



where 



f = r 2 + a 2 cos 2 9 

The flat metric on the Xi space has been written in terms of new coordinates 

' dr 2 x 



dxidxi = f 



r 2 + a" 



+ d9 2 \+(a 2 + r 2 ) sin 2 



+ r z cos z 6dip 4 



(5.14) 
(5.15) 

(5.16) 



and the complete metric is 

-l 



ds 2 



Jo, 



dt + 



Qa sin 2 9 
fo 



2 )\( d y-9^l d S' 



fo 



+ 1 + 



fo 



dr 2 
r 2 + a 2 



+ d9 2 \+(a 2 + r 2 )sm 2 



+ r 2 cos 2 



From the symmetry of the solution we see that we can set ip = . 
of the Dl brane. The action (|5.9j) for such configurations becomes: 



+ dz dz 
(5.17) 
for the motion 



S = -T 1 R drdoH 



Q 

fo. 



r 2 + a 2 



1/2 



fo ( 1^— 5 ) + Txi? / rfrrfaJJ cos(^ - 2 ) 

(5-18) 

We further note that the Lagrangian depends on 9 only through the combination / = 
r 2 + a 2 cos 2 9. Thus the derivative 5L/59 vanishes for 9 = and = tt/2. If is set to 
either of these values then it stays constant, and we get a 1-dimensional problem in the 
variable r. We analyze these two they give us two physically opposite limits out 

of the generic set of trajectories. 

(i) Trajectory with 9 = 0. Consider the case where the total energy (|5.10|) is zero. 
We get 

2 9i — 9 2 Q \ 



r = ± 1 + 



Q 



r 2 + a 2 ' 



1 



1 + 2 sin' 



r 2 + a 2 



1/2 



(5.19) 



Note that r never goes to zero (r goes down to zero and then starts increasing again). 
The Dl brane travels down the throat and bounces back up, spending only a finite time 
in the throat. 
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To understand the details of the bounce we look at the geometry where a takes its 
largest value a = Q/R. The metric (reduced on T 4 ) near the end of the throat is [TjjH] 



ds 2 



where 



(r 2 + a 2 )dt 2 r 2 dy 2 



Q 



Q 



Q 



dr 2 



r 2 + a 2 



NS 



i y 



+ d6 



2 + cos 2 9dip 



t 

R 



2 

NS 



+ sin 



2 

NS 



(5.20) 



(5.21) 



We see that the metric ()5.2()j) describes AdS^ x S 3 , with the S 3 described by 9, ipNS, 4>ns- 
The spacetime AdSz x S 3 is the dual of the Neveu-Schwarz sector of the CFT, and we 
have included subscripts on ipNS,(pNS to note this fact. 

The test Dl wraps the direction y and is at constant ip, <fr, but by (|5.21|) this implies 
that it wraps the direction ipNS- The Dl brane describing the motion ()5.19j) reaches 
r = 0, but since 9 = we see that at this point the Dl brane wraps the diameter of S 3 
parametrized by ipNS- Thus the Dl brane has not shrunk to a point, and it does not 
self-intersect or encounter any other singularity in the process of bouncing back to large 
r. 

We expect this behavior of the Dl brane to be generic in the sense that for generic 
shapes of the throat end and generic initial conditions for the Dl brane the brane will not 
shrink to a point or self- intersect when it reaches the end of its motion down the throat. 
The Dl brane is just a 'giant graviton' in AdS% x S 3 , and it is important to note that 
its motion is reliably given by the DBI action plus Chern-Simons term when ui, ng >> 1 
(with other parameters held fixed). 



(ii) Trajectory with 9 = n/2. In this case we find 

T = ± (1 + ~~ o J 



1-1 + 2 sin 



2 9i — 9 2 Q 



1/2 



(5.22) 



As r goes to zero we find f ~ —ra/Q, so the time to reach r = diverges. 

The Dl brane again wraps the direction parametrized by ipNS, but since now 9 = n/2 
we find that the brane shrinks to a point as r — > 0. Note that since <fi is constant we 
have d<pNs/dt = 1. Thus as t — > oo the Dl brane settles down to a pointlike quantum 
traveling at the speed of light along the diameter of the S 3 parametrized by <Pns- The 
Dl brane becomes, at late times, an ordinary graviton rather than a giant graviton. 

We expect that this diverging time will be found for an exceptional set of initial 
conditions. From (|5.15|) we see that the curve r = 0, # = 7r/2is the 'central curve' 
for the geometry under consideration, i.e. the curve occupied by the profile Fi in (|2.4|) . 
(Recall that points on this curve were the centers of a Kaluza-Klein geometry in directions 
transverse to the curve [Sj.) We see that if the initial conditions on the Dl brane are such 
that they send the Dl brane straight into a point on the 'central curve' then the Dl brane 
settles down to a pointlike graviton as t — > oo instead of bouncing back. Correspondingly, 
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in the dual brane picture the tachyon settles down to the minimum value (j5.12j) of the 
potential. (The potential takes this value (|5.12j) at all points of the central curve but 
nowhere else.) 

(iii) Trajectory for a = 0. As discussed in j2] the parameter a can go down to 
very small values; it is prevented from vanishing only by the fact that the minimum 
angular momentum is j = H/2 for the quantum state dual to the supergravity solution. 
To study Dl brane infall for these geometries with small a we set a = 0. Now we can set 
= 6*o, 4> = 0o, i> — "00 an d the radial motion is described by 



±1 + ^7 



Q\-l 1 /\ , o • 2 ^1 — ^ 

1 '1 + 2 sin 



(5.23) 



We note that in this case the travel time from r ~ y/Q to r ~ a (where the throat ends) 
is ~ 1/a. Thus in D1-D5 bound states with small a the tachyon bounces back after a 
minimum time ~ 1/a. 

Thus in the gravity picture the reason for the 'bounce' of the Dl brane is quite simple: 
when the Dl brane reaches the end of the throat it generically avoids falling onto the 
'central curve'. This is somewhat similar to having a nonzero impact parameter in the 
process of infall towards a point singularity at r = 0; in this latter case the infalling 
object would also return to larger values of r. 7 What is interesting in our problem 
is that the D1-D5 bound state has an inherent nontrivial structure, and it becomes 
a complicated question to determine which trajectories of the Dl brane correspond to 
'zero impact parameter'. The choice of D1-D5 bound state determines the central curve 
of the geometry, and the direction of infall of the Dl brane (i.e. the choice of 0Q,ipo,(f)o) 
also determines the details of the bounce. 8 

It would be interesting to study the above phenomena directly in the dual field theory. 9 



6 Discussion 

We have constructed metrics dual to bound states of D1-D3-D5 branes (with nonzero 
B), and analyzed the motion of a test Dl brane in these geometries. We found that the 
Dl brane generically bounces back from the end of the 'throat'. In the dual field theory 

7 In a recent paper |-'S2j the motion of a D brane near a cluster of anti-branes was considered, and it 
was noted that angular momentum would prevent quick annihilation. 

8 In the field theory picture it is naive to think of the transverse displacements of the Dl brane as 
parametrized by points in 1Z A . For the D0-D4 system it was shown in that 1-loop effects in open 
string theory make the moduli space corresponding to these displacements singular at r = 0. This effect 
is related to the fact that in the supergravity picture even when the test Dl brane falls deep down the 
throat we still have to specify 8, <fi, -0 to specify its state. 

9 Some steps towards identifying the tachyon when B ^ were taken in the D1-D5 system with 
B field was also studied in 34 . 
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description this implies that the tachyon starts by condensing towards the bottom of 
its potential, but can then bounce back up the potential hill. We now comment on the 
physics of this process. 

The circle S 1 parametrized by the coordinate y has a length 2ttR (at r — > oo). The 
dual description is given by a 1+1 dimensional field theory with the spatial direction a 
circle of length 2irR. If we let R — > oo with all other parameters like g, a', n\, n^, fixed, 
then in the supergravity computation we find that the 'bounce back' time tb OU nce for the 
test Dl brane goes to infinity. In the dual brane description we conclude that if the CFT 
is not compactified to a circle (i.e. if the CFT lives on TZ, the real line) then the tachyon 
settles down towards its minimum, and does not bounce back in any finite time. 

But for applications to black holes we need to consider the D1-D5 system compactified 
on a circle, and in this case it was shown in [3] that the throat of the geometry ends 
after a finite distance, and infalling quanta are reflected back from this end. The length 
R scales out from the final quantities of interest; for example it was shown in [33] that 
the 'horizon area' obtained by coarse graining over the different possible endings of the 
throat gave the Bekenstein entropy of the 2-charge system. To consider questions like 
the fate of a Dl brane falling into a black hole, we must look at tachyon condensation 
when R is finite. 

The low energy field theory of the D1-D5 bound state can be written as a 1+1 
dimensional sigma model [SI ESI EHj- with target space a deformation of the orbifold 
(T 4 ) n /Sn (the symmetric product of N = n\n 5 copies of T 4 ). The action of twist 
operators cr n . leads to the ground states being characterized by 'component strings' of 
different lengths 27cRrii, and each component string also carries a SU(2) x SU(2) spin 
under the rotation group of the S 3 surrounding the branes [37J E] The orders of the 
twists {rii} and the spins determine the shape of the end of the throat. 

The supergravity computation tells us that after the effects of these twists, spins etc. 
are taken into account, the tachyon generically bounces back after reaching some point 
close to its minimum energy point. 10 The supergravity computation is reliable once we 
let rii , n 5 be large (for other parameters fixed) ; for example in the case a = Q/R in the 
metrics (|2.7|) with coefficients (|5.14j) we have seen that the Dl brane at the end of the 
throat is just a giant graviton in AdS^ x S 3 , and we know that the backreaction of the 
giant graviton is small for n\ , n 5 ^> 1 . 

It is interesting that there are specific choices of initial conditions, at least for the 
metrics parameterized by harmonic functions (|5.14j) . where the Dl brane asymptotically 
settles down to a pointlike object - a 'graviton', as opposed to a giant graviton. This 
happens if the Dl brane evolves such as to shrink down to a point on the 'central curve' 
of the geometry. 

Note that the initial state of the test Dl brane is chosen to be translationally invariant 
in y, and the geometries ()2.7|) are also translationally invariant in y. Thus the classical 

10 Note that when we take R — > oo the magnitudes of the spins etc. stay the same, so in the field 
theory the effects of these spins, twists etc. gets 'diluted'. As a result we find that the bounce back time 
of the tachyon diverges. 
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motion of the Dl brane in any of these geometries will not generate vibrations of the 
test Dl brane, and the dynamical problem is limited to the center of mass motion of 
this brane. For generic shapes of the central curve and generic direction of infall the Dl 
brane need not bounce back to the start of the throat after reflecting off the end; it may 
stay trapped for long times near the end of the throat as it moves in the transverse 4- 
dimensional space x i: % = 1 . . . 4. 11 This would be similar to the situation discussed in [35] 
for the evolution of a massless quantum - it was argued that the quantum stays trapped 
near the end of the throat for long times when the central curve has a complicated shape. 
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A Derivation of the Solution 

A.l Acting on directions (zi,Z2) 

We start with the solution ()2.1|) - (j2.3J) . and perform a T-duality along Zi, obtaining 



ds 2 



+ 




(dt - Aidx 1 ) 2 + (dy + B^f 



H 



H(l + K) 
H(l + K) 



dz\ + JH(1 + K) dz% + (dz 2 + dzf) 



(A.l) 
(A.2) 



C /(3) 



(A.3) 



We now perform the rotation 



which gives 



Z2 



cos^x^i — sin^!^ 
sin^i^i + cos 6iz' 2 



(A.4) 



ds 2 



H 



1 + K 



i\2 



-(dt - Aidx 1 ) 2 + (dy + Bidx 1 ) 



+ 



'1 + K 



H 



dxdx 



n The Dl brane can radiate energy by higher-loop processes as it moves, and so will ultimately settle 
to the bottom of the potential (a similar observation was made in [S2\). 
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+ 



+ 



cos 2 9i 



H(l + K) 
sin 2 6 l 
H(l + K) 

2 sin 9i cos 0i 



+ JH(1 + K) sin 2 a 



dz'1 



+ ^H{l + K) cos 2 0i 
1 



/2 



#(l+iT) 



H(l + K) 



dz ' \dz ' 2 



+ JH(1 + K) (dzi + dz. 



(A.5) 



2$' 



H(l + K), 



OxC%l + sme^X = co^cfX = cos e x c$ 



tk = -sin0iCS l+ cos0iCS 2 = 



We now perform another T-duality along Note that 

W/(2) _ ^7(3) _ fl w( 3 ) _ nna n ^(2) 



C 



//(4) 



M 3 ) 



r»'(3) 



W(3) r 



and we get the solution (j2.7J) with 02 = 0. 



(A.6) 



(A.7) 



(Ai 



(A.9) 



A. 2 (z3,Z4)-directions 

We drop primes on the variables obtained above, and perform a similar set of operations 
on £3,2:4. T 23 gives 



ds' 



H 



1 + K 



(dt - Aidx 1 ) + (dy + B { dx 



i\2 



+ 



//( ' K -(rfz 2 + rfz 2 ) + 



1 



#(1 + iT) 



^3 + + K)dz\ (A.10) 



2$' 



H{l + K) sin 0i cos , , x /A . 

— 7^ "> BU = S M = ^-^(l-(l + lT)tf) (A.ll) 
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The rotation 



gives 



zz = COS 9 2 Z 3 — Sm 9 2 z' 4 

z 4 = sin 9 2 z' 3 + cos 9 2 z' 4 



ds 2 



H 



1 + K 



-(dt - Aidx % ) 2 + (dy + B { dx 



i\2 



+ 



+ 



+ 



H(l+K) r 



cos 2 9 2 



(dzf + c?^ 



#(1 + 10 

sin 2 9o 



H(l + K) 
2 sin 8 2 cos #2 



+ V#(l + #) sin 2 6 2 



+ y/H(l + K) COS ^2 
1 



#(1 + K) 



%dz 4 



y(5) 



,2*' 

C( 



%c*4 - cosy 2<~^ Q23 



cos0 2 C^ a i 4 



(A.12) 



(A.13) 



(A. 14) 



^f^, B^^1 { 1- {1 + K )H) (A.15) 



Finally, T z ^ gives the solution ()2.7|) . 

B T- duality formulae 



'Xl = -sm6 2 CXl = ~sme 2 C^ 

)s6 

-sm9 2 C$ pa 



c'® az , = cose 2 c^ paZ3 + sme 2 c'^ paZ4 = C ose 2 c^ paZ3 = cos9 2 c$ pa 

cSa< = - e 2 C'$ paZ3 + cos e 2 C'W aZ4 =- sin 9 2 C'^ paZ3 =- sin 9 2 C% a (A. 16) 



In this paper we perform T dualities following the notation of [20J. Let us summarize 
the relevant formulae. We call the T-duality direction s. For NS-NS fields, one has 

,2$ 



1 



C = 

^ss ' 



g: 



GnuG 



2#' _ £ pi , 

^ (~i 1 \LS f~i 1 D [IS 



G 



' (IS*- 1 us 



G s 



B' 



B 



B psGys 



G ss 

G jx S By s 



p.v 



G s 



(B.l) 
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while for the RR potentials we have: 

CfL s = Cfcg-(n-l) >^ Ma] \ (B.2) 

^ss 

r i{n) _ r (n+l) „(„-!)„ , > gj/^j^W m 
° - ^^...vaPs + nG [ M .. J /a ljr j9]'> + "V 71 ~~ ^ Q ■ \°' 6 ) 

C Mass Formulae for D0-D2-D4 system 

We consider Type IIA string theory, and regard it as a dimensional reduction of 11- 
dimensional M-theory. We compactify the IIA theory on a torus, and wrap the D-branes 
on directions along this torus. For a supersymmetric bound state of DO, D2 and D4 
branes we write [22 

Te = Me (C.l) 

where ^ ^ 

r = ZY Qs + —Z lj T 0ij + -^Z tjkl T 0i j kls (C2) 

The index s represents the compact 11— direction of M-theory, while the other indices 
take values along the compact torus. Expanding out the equation above we find 

r 2 = z 2 r 0s Tos + -zz^{r 0s ,r ij} + — zz l: > kl {r 0s ,r 0i jki s }+ 
i i 1 

-Zj Zj \l Qij, 1 OH J + 2~4~T I 1 Oij, 1 Oklmnsf T 2(4!) 2 Oijkls, 1 Omnpqsf 

(C.3) 

The first five terms simplify to 

^ 2 + ^^ W r y « + - u lJkl - \z^Z^Y ynms (C.4) 

The last term can be written as 

\ yijkl ymnpq r -p p 1 /p e\ 

2 Z 11 mrlM >Ki<fc<Z, m <n< P < q {^) 

which simplifies in general to 

I|^ fe f - i^[ w ^«r WM + j^z^ kl z mn ^r lJklmnpq (c.6) 

In our D1-D5 system we have IIB theory compactified on T 5 = T 4 x S 1 , and thus we 
consider branes in the the T-dual IIA theory wrapped on at most 5 compact directions. 
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With the indices limited to 5 possible values, we find that the last two terms in 

1)1) are identically zero, and we get 



1 I 1 2 7 [ij 7 kl] p i i 

r 2 6 = U 2 + izz««r« w + - 10 - ±z*z**#r jn „, + i\z^ kl \ 2 ) e 



Y2 — - *j™ 2 ^2 3 J"" 5 41 

Defining 



(C.7) 



^jjrfcz ^ 2{ZZ i ^ kl — Z kl ^) k'^ kl = Z npq ^ (C 8) 

we find that 1/2 BPS configurations are obtained for 

fc« w = k' i]kl = (C.9) 
and the mass for such configurations is given by 

T 2 e = M 2 e = [z 2 + I|^'| 2 + ^I^T) e (CIO) 

In the present paper we have wrapped branes only on T 4 out of the T 4 x S 1 , and thus 
the indices i,j--- are limited to only 4 possible values. Then k'^ = 0, and eqn. (|C.7|) 
can be rewritten as 

(M 2 -M 2 ) 2 e= (^^y e =l|A;^| 2 (C.ll) 

which yields 



M 2 = (Z 2 + ~\Z ij \ 2 + hz^A + (c.12) 



4!' 1 J V 4! 

With fcfc' w ^ this is the mass formula for 1/4 BPS states. 

We now relate the Z variables to the number of branes in the state. Let the T 4 be 
rectangular with sides Li, i = 1 . . . 4. Define the dimensionless parameters 

k = -^=, v = hhhh (C.13) 

By writing the mass expected when each kind of brane is present by itself, we get the 
identifications 

7 - ' =no, ^ = -^n 4J , Z«« = y&H,« (C.14) 



gva' jva' gyoc' 

We are interested in the particular case of D0-D2-D4 system where we have DA 
branes wrapped along the 1234 directions of T 4 , D2 branes wrapped along the 12 and 
34 directions, as well as some DO branes. Let n be the number of zero branes, 1112,1134 
the number of two branes in direction 12 and 34 respectively and 714 the number of four 
branes. Then 

M 2 = -L. ({hhn 12 =F hhn^) 2 + (n ± hkhh^) 2 ) (C.15) 
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where we choose the upper signs if norii—n^nu > and the lower signs if rion^ — n^n^ < 
0. 

The above relations are for vanishing value of the B field. For B ^ we can obtain 
the mass by rewriting the charges of the bound state in terms of the (matrix-valued) 
field strength F on the D4 branes, and then noting that all quantities depend only on 
the combination F + tt-i- We have 

-o = ^^Tr(F 12 F u ) (C.16) 

(2tt) 2 

nia = ^Tr(F u ) (C.17) 
n 34 = %^Tr(F 12 ) (C.18) 
Thus for B ^ we must make the replacements 
ni2 -> nia + nihhbzi 

n -> n + hhbvinyi + kUb^nu + nJil 2 l 3 l 4 b 12 b u (C.19) 
Substituting these in (|C.15|) (and regrouping terms) we get 

M 2 = — ((hkriu =F U4n 3 4 + n 4 u(& 34 =F &i 2 )) 2 + 
(n + v(b i2 b u ± l)n 4 + hhbnnn + hhb u n M ) 2 ) (C.20) 



D Supersymmetric brane configurations using the 
DBI action 

We assume that n 4 is even, and look for a specific supersymmetric configuration to 
establish that the bound state can reach the supersymmetric mass bound. Let the field 
strength have values F 12 , -F34 on half of the D4 branes, and values F[ 2 , -F34 on the other 
half. Then the constraints are 

(^)(F 12 + F[ 2 ) = (^-)n M (D.l) 

i^)(Fu + FU) = (-^-)n l2 (D.2) 
fy(F 12 F 34 + F[ 2 FU) = (-rrfr-)no (D.3) 
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The supersymmetry condition ()4.11j) is 



F\ o ± F; 
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F' + F' 



Define 



1 t (2TTa')iF 12 F 34 1 T (2Tra') 2 F{ 2 F^ 



2 1 

a = ±( — ) 2 - [ni 2 n 34 - n rc 4 ] 
n 4 v 

(3 = (— ) 2 - [±(ni 2 n 34 - n n 4 ) + (7^)^34 + ^4] 

2 1 / / 

7 = (— ) 2 - [±(^12^34 - n n 4 ) + (-j^)n 2 12 + vnl) 

<3<4 



n 4 t> 

Then the solution to (EH), (ID. 2 



JX3J), fllXIJ) is 



(27ra')F ; 



12 



(W)*£, 

(2W)F 34 



(2W)F^ 
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1 

± — 

n 4 



1 

± — 

714 

1 

± — 

7T-4 
1 

± — 

n 4 



, 1 . 1 /a/5 

— )n 34 + — J — 

«1«2 > I 7 



1 l a/3 

hh y/v V 7 



1 



)«12 



3' 1 




, 1 v 1 fan 
— )n l2 + — J — 

hh V v V P 



(DA) 

(D.5) 
(D.6) 
(D.7) 

(D.8) 

(D.9) 
(D.10) 
(D.ll) 



We note from ()D.5|) . ()D.6|) . ()D.7|) that if (ni 2 n 34: — ^0^4) > then we can use the 
upper sign in these relations, and obtain a real solution for F. If (7112/234 — uqu^) < then 
we use the lower sign and again get a real solution F . Thus we have a supersymmetric 
configuration for all values of the charges. 
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